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Abstract 

Finite quantum groupoids can be described in many equivalent ways [SI lllllTH] : In terms 
of the weak Hopf C*-algebras of Bohm, Nill, and Szlachanyi [2] or the finite-dimensional 
Hopf- von Neumann bimodules of Vallin [14], and in terms of finite-dimensional multiplicative 
partial isometries [1] or the finite-dimensional pseudo- multiplicative unitaries of Vallin [15] . 

In this note, we show that in finite dimensions, the notions of a Hopf-von Neumann 
bimodule and of a pseudo-multiplicative unitary coincide with the notions of a concrete 
Hopf-C*-bimodule and of a C*-pseudo-multiplicative unitary, respectively. 

1 Introduction 

The theory of quantum groupoids is very well understood in the finite and in the measurable 
case, that is, in the setting of finite-dimensional C*-algebras [9l llll[T6] and in the setting of 
von Neumann algebras [7]. The basic objects in this theory are the weak Hopf C*-algebras 
and the multiplicative partial isometries of Bohm, Nill, and Szlachanyi [2] [T] [3] [4] on one 
side and the Hopf-von Neumann bimodules and the pseudo-multiplicative unitaries of Vallin 
[15] on the other side. For finite quantum groupoids, both approaches are well known to be 
equivalent [51 [16]. 

To extend the theory of quantum groupoids to the locally compact case, that is, to 
the setting of C*-algebras, we introduced the notion of a concrete Hopf C*-bimodule and 
of a C*-pseudo-multiplicative unitary |13 . In this short note, we show that in the finite- 
dimensional case, these concepts coincide with the notion of a Hopf-von Neumann bimodule 
and of a pseudo-multiplicative unitary, respectively. This note is of expository nature and 
the results contained in it are straightforward. 

This work was supported by the SFB 478 "Geometrische Strukturen in der Mathematik" 
which is funded by the Deutsche Forschungsgemeinschaft (DFG). 



Organization We proceed as follows: 

In Section 2, we show that every C*-factorization of a finite-dimensional Hilbert space 
is uniquely determined by the associated representation, and that the C*-relative tensor 
product of finite-dimensional Hilbert spaces introduced in [T3] coincides with the usual 
relative tensor product. 

In Section 3, we show that in the finite-dimensional case, the spatial fiber product of C*- 
algebras introduced in [13] coincides with the usual fiber product of von Neumann algebras, 
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and that the notion of a finite-dimensional concrete Hopf C*-bimodule and of a finite- 
dimensional Hopf-von Neumann bimodule are equivalent. 

In Section 4, we show that for finite-dimensional Hilbert spaces, the notion of a C*- 
pseudo- multiplicative unitary [T3] and of a pseudo- multiplicative unitary are equivalent, and 
remark that the associated concrete Hopf C*-bimodules and Hopf-von Neumann bimodules 
coincide. 

Preliminaries Given a subset Y of a normed space X, we denote by [Y] c X the closed 
linear span of Y . 

Given a Hilbert space H and a subset X c C(H), we denote by X' the commutant 
of X. Given Hilbert spaces H, K, a C*-subalgebra A c C(H), and a *-homomorphism 
7r: A — > C{K), we put 

£*(H,K) := {T e C{H,K) \ Ta = Tx{a)T for all a e A}; 

thus, for example, A' = C dA {H). 

We shall make extensive use of (right) C*-modules, also known as Hilbert C*-modules 
or Hilbert modules. A standard reference is [6]. 

All sesquilinear maps like inner products of Hilbert spaces or C*-modules are assumed 
to be conjugate-linear in the first component and linear in the second one. 

Let A and B be C*-algebras. Given C*-modules E and F over B, we denote the space 
of all adjointable operators E — > F by Cb{E, F). 

Let E and F be C*-modules over A and B, respectively, and let n: A — > Cb(_F) be 
a *-homomorphism. Then one can form the internal tensor product E ®„- F, which is a 
C*-module over B [H] Chapter 4]. This C*-module is the closed linear span of elements 
f] ®a £, where r\ e E and £ 6 F are arbitrary, and (77 £|t/' <8>ir £') = (CI 7r (( 7 ?l 7 7'))C) an d 
(?? ®ir = *7 ®t £b for all 77, 77' e E, £, f ' e F, and b e B. We denote the internal tensor 
product by "@"; thus, for example, E Q n F = F. If the representation n or both n 

and j4 are understood, we write "©a" or "©", respectively, instead of "©„■". 

Given £7, F and 7r as above, we define a flipped internal tensor product F^@F as follows. 
We equip the algebraic tensor product F Q E with the structure maps © r)\£' © 77') : = 
(£|7t((j7|?7'»£'>, (£ © 77)6 := £b © 77, and by factoring out the null-space of the semi-norm 
C IKCIOII 1 ^ 2 an( i taking completion, we obtain a C*-F-module F^-QF. This is the closed 
linear span of elements £ n ©j], where n e E and £ 6 F are arbitrary, and (^-n-©??!^©?/) = 
<£|7T«?7|?7'»0 and (£^©77)6 = C 6 ^© 1 ? f° r al l f?, 7 / e F, E F, and b e B. As above, we 
write "a©" or simply "©" instead of 'V©" if the representation tt or both 7r and A are 
understood, respectively. 

Evidently, the usual and the flipped internal tensor product are related by a unitary map 
E:F@F-=»F@F, r? ©£>->£© 77. 

Given a state /j on a finite-dimensional C**-algebra F, we denote by (F M , 7r M , £ m ) a GNS- 
representation for /j, by J M : F M — » F M the modular conjugation (an antilinear isometry), 
and by tt° p : B op — > C(H,j,) the representation given by b op i-> J M 7r M (6)* J M . 

2 The relative tensor product of finite-dimensional 
Hilbert spaces 

In the finite-dimensional case, the C*-relative tensor product and the usual fiber product 
of Hilbert spaces coincide. Before we can prove this assertion, we need to recall the notion 
of a C*-base and of a C*-factorization. 

C*-bases Recall that a C* -base is a triple (i^ , S8, 53^ ) , shortly written sio<gtj consisting 
of a Hilbert space Sj and two commuting nondegenerate C*-algebras 03, 23 ^ c £(fj). We say 
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that two C*-bases (Sj, 23, 23*) and (A, <£, <£*) are equivalent if there exists a unitary U: H — > 
K such that £ = Ad c/ (23) and <£* = Ad l /(23 t ); in that case, we write (Sj, 03, 23*) ~ (A, £, £*). 

Definition 2.1. £ei afl^t oe a C* -base. We call a vector ( e fj bicyclic if it is cyclic 
for 23 and for 23*. We call aflat standard i/ there exists a bicyclic vector £ 6 Sj, and 
finite-dimensional if Sj has finite dimension. 

Example 2.2. If p is a KMS-state on a C*-algebra N, then the triple , 7r M (TV) , 7r° p (N op ) ) 
is a standard C*-base, called the C* -base associated to p, and C/j 6 is bicyclic. 

Lemma 2.3. // aflat is standard and finite- dimensional, then 23* = 23' and 23 = (23*)'. 

Proof. By definition, 23* c 23'. If £ E fl is bicyclic, then the map j H given by 

T i-> T( is injective and j(23*) = £ = j(23'). Therefore 23* = 23'. □ 

Using standard results on GNS-representations and the lemma above, one finds: 

Lemma 2.4. //aflat * s a finite- dimensional standard C*-base and £ E aflat * s bicyclic, 
then the state p, := (£\ ■ on SB is faithful and there exists a unique unitary U : Sj — > i/ M 
suc/i that U( = C M and tt m (23) = Ad [/ (23); moreover, tfien tt° p C%° p ) = 23*. □ 

Remark 2.5. Let aflat be a finite-dimensional standard C*-base, ( e aflat bicyclic, and 
U: Sj —> as above. Then we can identify 23* with 23 op via (7r£ p ) _1 oAdi/. More concretely, 
if J: Sj — > Sj denotes the antiunitary part in the polar decomposition of the map Sj — > Sj, 
&C >-> 6*C, then J = U*J„U, and the map b° v i-> Jb* J is an isomorphism 23 op -=* 23*. 

C*-factorizations Let aflat be a standard C*-base with bicyclic vector £ e Sj and let 
be a Hilbert space. 

Recall that a C* -factorization of i? with respect to aflat is a closed subspace a c 
£(fl,#) satisfying [a* a] = 23, [a«8] = a, and [aSj] = H. We denote by C*-fact(#; aflat) 
the set of all C*-factorizations of H with respect to aflat- 

Lemma 2.6. For each a e C*-fact(iJ"; aflat)> map a — > £ i-» * s injective and 
has dense image. 

Proof. If ^ 6 a and £C = 0, then £fl = [£23*C] = [p a (23*)£<] = and hence £ = 0. Therefore, 
the map £ h-> is injective. It has dense image because [aQ = [aSBQ = [aSj] = H. □ 

From now on, we assume that H has finite dimension. Let p: 23* — > £(-ff) be a nonde- 
generate faithful representation and put 

C(Sj, H) := {T e C(Sj, H) | T6* = p(6*)T for all o* e 23*}. 

Lemma 2.7. i) For each £ E H, there exists a unique -R£(f) E C p (Sj,H) such that 

R p ( m = ti- 
lt) For each T e £"(S),H), one has T = R%{T0. 

Proof. Straightforward. □ 

The C*-factorizations of H are uniquely determined by their associated representations: 
Proposition 2.8. Let p: 23* — » £(H) be a nondegenerate faithful representation and a e 
C*-fact(#; aflat)- 

i) There exists a unique nondegenerate faithful representation p a : 23* — > C(H) such that 
p a (tf)K = for all 6* 6 23*, £ 6 a, C e fl. 

iij £ p {Sj,H) EC*-fact(.ff; aflat)- 
in) p a = p if and only if a = C(Sj,H). 
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Proof, i) The representation p a is well-defined because for all £, £' 6 a, f, f E f), and fo^ E 23^, 

(ecieVC) = <cie*€'6 t C> = <ci&WO = <e(fc t )*cie / C>; 

here, we used a*a E 23 E (23')'. Combining this calculation with the relation [a*oJ5] = Sj, 
we find that p a is faithful. It is nondegenerate because 

ii) Put j3 := £ p (f),H). Lemma 12.71 implies [f3Sj] = H, and a short calculation shows 
[13*13] E (93+)' = 53. We prove that this inclusion is an equality. Choose a bicyclic vector 
£ E $j and consider the map j : 23 — > £(23^, C) given by c h- > <J£|c • 0. Since £ is cyclic for 
23+ and 23+ commutes with 23, this map is injective. Moreover, since p is faithful and 

j(R p (0*R P (O) = (t\R P (0*R P (O(- K> = <€|P( • )0 for all e H, 

we have j([/3*/3]) = £(23 t ,C) 3 j(23). Consequently, [3*/3] = 23. Finally, we prove [323] = 
(3. Short calculations show that [/3f3*] E p(23 + )' and Ti?£(£) = i? p (T£) for each T 6 p(23 f )', 
f e -ff, and therefore, [323] = [/3/3*/3] E [p(23 f )'/3] = /3. Conversely, /3 = /3 id fl E [823]. 

iii) If a = £ p (fi,H), then evidently, p a = p. Conversely, assume p a = p. Then evidently 
a E £ p (fj, H). We prove that this inclusion is an equality. The map a — » given by £ h-> f £ 
is bijective (Lemma 12. 6[) . so dima = dimi/. But by Lemma 12.71 dim// = dim £ p (.f), H), 
and therefore, a = £ P ($),H). □ 

Let £^ c t be a finite-dimensional standard C*-base. Recall that two C*-factorizations 
a e C*-fact(7/; <8 jo<8t) an d P 6 C*-fact(fT; cM C f) are compatible if [p a (23 t )/3] = (3 and 
[pp(&)a] =a. 

Proposition 2.9. Let p: 23^ — > £(H), a: C T — » £(H) be faithful nondegenerate representa- 
tions. Then p(23^) commutes with cr(fi^) if and only if the C* -factorizations £ p (fj,i/) and 
£ a (&,H) are compatible. 

Proof. Put a := £"(Sy,H) and /3 := then ,9(23 + ) = p Q (23 f ) and er(^) = p (tf) 

by Proposition 12.81 If a and /3 are compatible, then p(23 + ) commutes with <r(£+) by [131 
Remark 2.6]. Conversely, if p(23 T ) and cr^t) commute, then [p(<8 T )/3] E [a(£ t )'£ <T (£, #)] = 
£ CT (£, H) = j8 = idjr E [p(23t)/3] and likewise [ P f,(tf)a] = a. □ 

The relative tensor product of Hilbert spaces Let us recall the construction of 
the C*-relative tensor product [13] and the usual relative tensor product of finite-dimensional 
Hilbert spaces. Suppose that 

i) H and K are finite-dimensional Hilbert spaces, 

ii) N is a finite-dimensional C*-algebra with a faithful state p and nondegenerate faithful 
representations p: N op -> £(H), a: N -> £(K), 

iii) <8£)<8t is a finite-dimensional standard C*-base with bicyclic vector £ E fj and C*- 
factorizations a E C*-fact(//; gj Sj^t), (3 E C*-fact(A"; ist^®), 

such that 

(£,23 , 23^ ~(tf M ,^(/V),< p (/V op )), t/C = CM, | ) 

p = p a O Ady* 07T° P , (J = p0 O Ady* 07T M . 

Note that by Example 12.21 Lemma 12.41 and Proposition 12.81 given the data listed in ii), we 
can construct the data listed in iii) such that |T]) is satisfied, and vice versa. 

The relative tensor product of H and K with respect to p, p, a is defined as follows. For 
each £ E H and r\ E K , there exist unique operators 

R"MO- #m -» H, <(6 op )C M -» p(b op )t, and R°(r,): -» if, ^(6)C M ~ 
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Define a sesquilinear form ( • | • on H (x) K by 

(t ■■= (K°AO*K°r(0^K(ii)*K(v')^) for all e W e k. 

Factoring out the null space of the associated seminorm, we obtain a Hilbert space H p ® a K. 
For all £ e H and r/ e K, we denote by £p®<xf? the image of £ (g) n in H p (& a K. 

The C*-relative tensor product of -ff and if with respect to m^tBh a, [3 is the internal 

tensor product Ha^pK := a © Sj © fi [13] Section 2]. 

15 

Proposition 2.10. There exists a unitary 

M 15 M 

Proo/ o/ Proposition E23 By Proposition [2781 and Lemma |2~71 ii) . a = {R p ^o P (£)U | ^ e J^"} 
and P = {R°(ri)U \ r\ 6 K}, and by definition, 

(R% (OU © C © R°(v)U\RZo P tf)u © C © Rlin'W) = 

(G\R;oA()*R;oAOR a Av)*Rl:(v'K») = M^M' P ®,v) 

for all £, £' e -ff , 7/, 77' e K. Therefore, is a well-defined isometry. It is surjective because 
C, is cyclic for 33 (and for 03^). □ 



3 Finite-dimensional Hopf C*-bimodules 

In the finite-dimensional case, the notion of a Hopf C*-bimodule and of a Hopf-von Neumann 
bimodule coincide. To prove this assertion, we first review the fiber product of finite- 
dimensional C*-algebras and the fiber product of morphisms. 

The fiber product of finite-dimensional C*-algebras The spatial fiber product 
of finite-dimensional C*-algebras [13] coincides with the usual fiber product of C*-algebras. 
To make this statement precise, we briefly recall the two constructions. Let 

i) H and K be finite-dimensional Hilbert spaces, 

ii) A c £(H) and B c £(K) be nondegenerate C*-subalgebras, 

iii) iV be a finite-dimensional C*-algebra with a faithful state /1 and injective unital *- 
homomorphisms p: N op — » A, a : N — > B , 

iv) b^sbt be a finite-dimensional standard C*-base with bicyclic vector ( e S) and C*- 
factorizations a e C*-fact(y4; asf)<8t)j P e C*-fact(B; <gf£>»)> where 

C*-fact(A;i8^ B t) = {aeC*-fact(i3-;i 8 £. 8t ) | p Q (23 t ) c A}, 
C*-fact(S; Bt ^») = {/? e C*-fact(A"; Bt fl B ) | c B}, 

such that fl]) holds. 

The fiber product of A and B with respect to /1, p, a is defined as follows. For each 
SeA'c p(N op Y and TeB'c cr(A / ')', there exists a well-defined operator 

S p ® a T: Hp^K Hp^K, £, p ® a r) h-> S£, p ® a Tr). 

fL fi fi fi fi 

The fiber product of A and _B is the commutant A p * a B := {A' p ® a B')' c C(H p ® a K). 

^ ^ fi 
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The spatial C*-fiber product of A and B with respect to »f)tgt) a > P is defined as follows. 
Using the isomorphisms 

a© Pf3 K ^ H a ® K ^ H Pa ©(3, ^QvC = ^©C©V = ^C©V, (2) 
(see [131 Section 2]), one defines for each £ e a and 6 /3 operators 

|0 m : JC -» //„® fl A', C ^ C © C, <CI[i] := IO*i] = C © C - W«£|0)C, 

* , (3) 

|j/>p] : # -> H a ®pK, C~^C©V, (v\m ■= \v>m ■ C © >7 | - > PaC^ »C- 

Put |a>ri] := {|Offl £ e Q } an d similarly define <a| [r| , |/3) [2 ], </%]• Then 

A a *pB = {T e £(H a ®pK)\T\a) m ,T*\a) m E [|a> M B] and T|/3> [2] ,T*|/3> [2] E [|j8> m A]}. 

The two constructions described above coincide in the following sense: 
Proposition 3.1. Conjugation by : -ff p (x) -A' — > H a ®pK induces an isomorphism 

^4p *<tS j4q * pB. 

Proo/. Put $ := and let T e C{H a ®pK). By definition, T e Ad 4 ,(y4 p * CT B) if and only 

if [T, A' © id/3] = = [T, id a QB'], that is, if and only if for all rj, rf e f3 and £, f e q, 

<i/|pq|T,A / ©id / j]|»7'> ra =0 and <C I [i] [T, id Q ©B'] |f>[i] = 0, 

or, equivalently, if and only if (P\[2]T\f3) [2 ] c A" = A and {a|[i]T|a>[i] E S" = B. 
If T e A a *pB, then T e Ad$(Ap* CT .B) because 

55 /-t 

(0\mT\0) m E [</3| [2] |/3> [2] A] = [M^V] = ^ 

and similarly {a|mT|<ai)m E S. 

Conversely, if T 6 Ad${A p * a B), then T e A a *pB. Indeed, then id a 6 [no*] implies 

M 55 

T\a) m e [\a) m (a\ m T\a) m ] E [\a) m B], 
and similarly T*\a} m E [|a> w B] and T\f3) m ,T*\/3) m E [|/3> M 4]. □ 

Morphisms of finite-dimensional C*-algebras Let <s^)< s t be a C*-base. A non- 
degenerate finite- dimensional concrete (shortly nfc.) C* -^fi^^-algebra (H,A,a) consists 
of a finite-dimensional Hilbert space H, a nondegenerate C*-algebra A E £-(H), and a 
C*-factorization a e C*-fact(yl; <sij s t). A morphism of nfc. C*-!gf);gt- a lg e bras (^>^i a ) 
and (K,B,f3) is a *-homomorphism 7r: A — » B such that /3 = [i-irC*], where := {V 6 
if) | Va E /3, E a) p]2[T2]. We denote the set of such morphisms by Mor( J 4 Q , Bp). 

Lemma 3.2. Let <8^j<B t be a standard C* -base, (H, A, a), (K, B, ft) nfc. C* -^^^^-algebras, 
and 7r: A — > B a unital *-homomorphism. Then n e Mor(A a , Bp) if and only if 

TrQM&t)) = P p(tf) fordid em 1 . (4) 

Proof. If 7r is a morphism, then © holds by [121 Lemma 2.2]. Conversely, assume ©. By 
Lemma [2.7l it suffices to prove [^(H, K)H] = K. Since A has finite dimension, there exist 
»eN and central projections pi, . . . ,p n e A such that = an d such that each piA is 

a matrix algebra. Since 2i 7r (P»)^' = ^ suffices to show that [£*'* (ptH, T:(pi)K)piH^ = 
n{pi)K for each i = 1, ...,n; here, 7Tj: p^A — > £(7r(pi)A') denotes the restriction of 7T. 
But both the identity representation and the representation iti of ptA are direct sums of 
the irreducible representation of the matrix algebra piA which is unique up to unitary 
equivalence, and therefore, (piH, n(pi)K)piH^ = n(pi)K. □ 
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The fiber product of morphisms In the finite-dimensional case, the classical fiber 
product coincides with the spatial fiber product also on the level of morphisms. More 
precisely, let 

i) H, K, L, M be finite-dimensional Hilbert spaces, 

ii) A c C{H), B c C{K), C c C(L), D c C(M) be nondegenerate C**-algebras, 

iii) cj> : A — > C and ip : B — > D be unital *-homomorphisms, 

iv) AT be a C*-algebra, p a faithful state on AT, and p : N° p —> A, cr: N —> B,v: N op -» C, 
w : iV — > D injective unital *-homomorphisms, 

v) <8^<8t be a standard C*-base, ( e ij a bicyclic vector, and a 6 C*-fact(A; as-fr^t), 
/3 e C*-fact(B; BtSa), 7 e C*-fact(C; s %,),(5e C*-fact(£>; m1 fi m ), 

and assume 

C8, 03, B*) ~ (Jf M , ^(JV), Tr^AT*)), tfC = Cm, 

p = p a ° Ady* o7T° p , a = ppo Ad^* 07T M , d = p 7 o Ady* o7T° p , uj = ps o Ad^* 07r M . 

(5) 

Note that by Example 12.21 Lemma 12.41 and Proposition 12.81 given the data listed in iv), we 
can construct the data listed in v) such that ([5]) is satisfied, and vice versa. 
By Lemma 13.21 the following conditions are equivalent: 

i) cf> o p = v, ip o a = uj, ii) <j> e Mor(A a , C 7 ), ip e MorfS^, Ds). (6) 

Assume that these conditions hold. Then by [1UI Proof of 1.2.4] and [131 Proposition 3.13], 
respectively, there exist unique *-homomorphisms 

<p*ip : A p * CT _B — » C v and (p * ip : A a *pB — > C 7 *sD 

m m m J5 -ft s 

such that for all X e Y e £*(A",M), S 6 4 P * CT B, T 6 A a * /3 B, 

(<£«^)(S) • (X®y) = (X®Y) • S and ((j)*iP)(T) ■ (X®Y) = (X®Y) ■ T. 

M M M 8 £ 

Proposition 3.3. If condition © holds, then the following diagram commutes: 

A p * a B <t - (7,, *,.,£> 

Proof. This follows from the definition of * ip and <p * ip and the fact that $ '|(^®Y) = 
(X®Y)$^j, for all X e £ (#,-L), Y e C^(K, M). □ 

Finite-dimensional concrete Hopf C*-bimodules and Hopf-von Neumann 
bimodules Let us briefly recall the definition of a concrete Hopf C*-bimodule and of a 
concrete Hopf-von Neumann bimodule. Suppose that 

i) H is a finite-dimensional Hilbert space, A c C(H) is a nondegenerate C*-subalgebra, 

ii) A^ is a finite-dimensional C*-algebra with a faithful state p and injective unital *- 
homomorphisms p: N op — » A and cr: AT — > A such that p(N op ) and <r(AT) commute, 

iii) as£)at is a finite-dimensional standard C*-base with bicyclic vector £ e f) and compat- 
ible C*-factorizations a e C*-fact(4; •sfi.gf) and /3 e C*-fact(^4; ^S)<b), 
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and assume that condition |T} holds. Note that by Example l2.2l Lemma r2.4l and Proposition 
12.81 given the data listed in ii) , we can construct the data listed in iii) such that ([l]) is satisfied, 
and vice versa. 

We can form the classical fiber product A p * a A and define representations 

p m : N op -^A p * a A, x h-> l®p(x), a m : N — > A p * a A, y^a(y)®l. 

A finite-dimensional Hopf-von Neumann bimodule is a tuple (N, fi, A, p, a, A), where N, p, A, 
p,a are as above and A: A — » A p * a A is a *-homomorphism that satisfies A o p = pp-j and 

A o a = crj!] and makes the following diagram commute: 



.1. 1 

id #A 



I A*id 



A p * a A p %<jA. 



We can also form the spatial C*-fiber product A a *gA and define C*-factorizations 
q t>a := [la)^]^] 6 C*-fact(^ Q *pA; m?)^), P < P ■= [\P}mP\ 6 C*-fact(y4 Q * A; •gt-fra ), 

where |a)[i] and |/?)p] were defined below Equation ©. The associated representations are 
given by 

P( a »a){tf) = 1 <g> Pa(& t ), P(/3«/3)(&) = P/3( fe ) ® 1 

for all 6 23, b E 58 [131 Proposition 2.7]. A finite-dimensional concrete Hopf C* - 

bimodule is a tuple (s^fi^f, H, A,a, [3, A), where ^fy^^, H , A, a, (3 are as above and A e 

Mor(A a , (A a *f3A) a>a ) n Mor(A,3, (j4 q *bA)b^b) makes the following diagram commute: 
si S3 



id *A 

S3 



I A*id 

X S5 



S3 15 

Combining the results obtained so far, we find: 

Proposition 3.4. Let A M : A — > A p * a A and A ft : A — > ylo,*^ fee * -homomorphisms such 

^ 55 

t/iai Ag = </>„'^ o A M . T/ien (iV, p, A, p, o, A) is a Hopf-von Neumann bimodule if and only 
j/(®5i8t) H, A, a, p, A) is a concrete Hopf-C* -bimodule. □ 
Thus, in the finite-dimensional case, Hopf-C*-bimodules and Hopf-von Neumann bimod- 
ules are equivalent descriptions of the same objects. 



4 Finite-dimensional pseudo-multiplicative unitaries 

In the finite-dimensional case, the notion of a pseudo-multiplicative unitary and of a C*- 
pseudo-multiplicative unitary coincide. To make this statement precise, we recall the nec- 
essary definitions. Let 

i) H be a finite-dimensional Hilbert space, 

ii) iV be a finite-dimensional C*-algebra with a faithful state p and nondegenerate faithful 
representations p: N° v -> C(H) and a,&: N -> C(H) such that p(N° p ), a(N), a(N) 
commute pairwise, 
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iii) <b£)<bT be a finite-dimensional standard C*-base with bicyclic vector £ e fj and C*- 
factorizations a e C*-fact(H; s^rgf), 0,f3 6 C*-fact(H; (gt-fis) such that a,(3, /3 are 
pairwise compatible. 

Assume that 

(fi, 03, 03+) ~ (H^(N), 7v° p (N°n), U( = C M , 
p = p a o Ady* o7T° p , a = ppo Adu* 0^, a = ppO Ad^* o7T M . 

Similarly as before, we can, given the data listed in ii), construct the data listed in iii) such 
that (J7J is satisfied, and vice versa. 

By Proposition ETTOl we can identify Hg® p H = H s® a H and H a ®fjH = H p ® a H. 

Let 

1/: H a ® p H ^ H s ® a H -> H a ® H ^H p ® a H 

be a unitary. Recall that V is a pseudo-multiplicative unitary [15] if for all a; 6 AT, j/ 6 iV° p , 
® 1) = (1 ® p(y)) V, V(a(ar) ® 1) = (<r(x) ® 1)V, 

(8) 

F(l®a(a;)) = ® 1)1/, V(1®ct(x)) = (1 ® a(x))V, 

p p°P p p°P 

and if the following diagram commutes, 

V®id id ® V 

H a ® p H & ® p H t ? H p ® a H a ® p H H p ® p ® CT H, 

p p p°p p p°p p°p 

id®V I I V ® id 

H a ®p (Hp ® CT H) (H s ® p H)p ® CT H (9) 

i i°V ii L J / 1 P 

id(g)£ p 



V®id 

_^ ^ (Hp ® CT H) ff ® P H 



where id®E A ' and Ep 3 j flip the second and the third component in the respective relative 
tensor product. 

On the other hand, V is a C* -pseudo-multiplicative unitary [13] if it satisfies 
V(a<a)=a»a, V0 > /3) = $ < (3, V > f3) = a > % V (f3 < a) = (3 < f3 (10) 
and if the following diagram commutes, 

V®id id®V 

H- g ® a H g ® a H g a H a ® H- g ® a H *> a H Q ® /3 H a ®^H, 
p a p a a " & a a 

id®V I I V®id 

H s ® a>a (H a ®f3H) (Hs® a H) a4a ®^H (11) 

p « s p a a 

H fj ® a Hp® a H s l {H a ® fj H) s<a ® a H 

a a a M H a 

where again id®E fi and £f 2 3i flip the second and the third component in the respective 

a 

C*-relative tensor product. 

Combining the results of the preceding section, we find: 
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Proposition 4.1. V : H s® a H = Hs® p H — > H p (x) CT _f/ = H a ®pH is a pseudo-multiplicative 

p f, v m° p Si 

unitary if and only if it is a C* -pseudo-multiplicative unitary. 

Proof. By Proposition 12.81 V satisfies (|8]) if and only if it satisfies (|10[1 . Moreover, using the 
explicit formula for the identifications H^® P H = H f,® a H and H a ®(iH = H p (x) a H given 

in Proposition 12.101 one easily verifies that diagram Q commutes if and only if diagram 
pip commutes. □ 

Remark 4.2. If the unitary V above is a sufficiently well-behaved (C*-)pseudo-multiplicative 
unitary, one can associate to it two finite-dimensional Hopf-von Neumann bimodules [5] and 
two finite-dimensional concrete Hopf C*-bimodules [13] • One easily verifies that these bi- 
modules coincide in the sense of Proposition [ 
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